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ABSTRACT: Prediction of the in-plane biaxial strength of
paper by the Liai—Whu failure criterion has in general proved to
be in good agreement with experimental data. However, the
Tiai~ W criterion overestimates the strength in some parts of
the biaxial tension region. This shortcoming can be corrected by
adding a pair of cubic terms to the existing Tsai-Wu criterion.
The modified Tiai—Wu criterion presented here predicis the
biaxial strength of paper more accurately than the Tiai-Wu
criterion. The extra pair of parameters introduced is
determined from data obtained by standard tests.
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he strength of paper under bi-
axial loading is of great impor-
tance in many industrial applications.
Since the early days of industrial
use of paper, the burst test (1) has
. been used to characterize, in an un-
- controlled way, the biaxial strength
of paper, Controlled experiments for
testing the biaxial tengsile strength
of paper have been reported in the
literature (2-4). However, efforts to
fully characterize the biaxial
strength of paper for every stress
" state have proved to be both tedious
and difficult.
These difficulties have led to the
development of theoretical ap-

proaches that phenomenologically
describe the biaxial failure envelope
of paper in the entire stress space,
with parameters that are easily mea-
sured with standard tests. Several
biaxial failure envelopes have been
developed, but the Tsai-Wu failure
criterion envelope (5) has proved to
be very accurate in describing the
biaxial failure of paper (3, 4). How-
ever, the T'sai~Wu criterion overes-
timates .the experimental data in
some parts of the biaxial tensile
strength envelope. Hill (6) showed
that this shortcoming can be cor-
rected by adding a pair of cubic terms
to a failure criterion. This extra pair
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of parameters is easily determined
by standard tests.
The aim of the present work is to

+ Define the modified Tsai~Wu cri-
terion, referred to here as the
Hill-T'sai-Wu failure eriterion

* Show how to numerically deter-
mine the extra pair of parameters
for the Hill-Tsai-Wu criterion.

The Hill-Tsai-Wu failure criterion
is fitted to experimental biaxial-
strength data reported in the litera-
ture (8, 4). It is shown that the
presented criterion provides a bet-
ter description of the biaxial failure
of paper than the Tsai-Wu criterion.

The Hill-Tsai—Wu failure

criterion

The material behavior of paper is
assumed to be orthotropic, and the
in-plane stresses are preferably re-
lated to the principal axes of the ma-
terial, i.e., the 1-axis coincides with
the machine direction (MD), and the
2-axis coincides with the cross-ma-
chine direction (CD).

The proposed Hill-Tsai-Wu fail-
ure criterion is written for plane
stress as

¢ = {(p+q) — [(po,+q0,)YP)} (0,0,/T,T})
+(F,02+2F 0,0, +F,0}+ F, 0

+F8, +Fo)=1 (1)
where
P = gquibiaxial tensile strength
o, = MD stress-




l. Experimental data used to check the accuracy of the proposed Hill-Tsai-Wu failure

criterion

1. Piots of Hill-Tsai-Wu and Tsai-Wu failure criteria based on biaxial-strength data for sack
paper {3). The shear stress o, = 0,

| — Hin-Tsal-wu
- — Tsal-Wu

= CD stress
= ghear stress
= /TC,

= (1P
(U-(P/T)-(/C)+(UT,)
~WC} - (PL/T,C)+(1/
T.C))

= YT,C,

= /1,0,

= (/T -(1/C)

= (/T -(1/C)

= MD tensile strength
= CD tensile strength

= MD compressive strength

C, = CD compressive strength
T, = tensile shear strength
C, = ecompressive shear strength

The nondimensional parameters
» and g are found from a differentia-
tion of Eq. I with respect to o, ap-
plied at{o),0,) = (I',0) and o, applied
at(o,0,) = (0,7,), where the eriteria
are satisfied identically. The obtained
equation system of » and ¢ has the
following solution.

[(UT)+UT)~(1/P)lp
= {(P-T)I(F /T )¥2F, Ndo jdo )}

~ P{[(F,JT,)¥2F,,}(do,Jdo )}
+ P(F T )-(FJT)]

~ TIF /T )42F ) 2

(T )HL/T)-(1/P)]q
= {(P~T)[(FT. JH2F, J(do,fda )}
~ P{[(F JT)+2F Jdo /do.)}
+ PI(F/T)AFJ/T)]
- Tl[(Fi/T2)+2F12] 3
where do /do, is found from Eq. 1
(6) by means of the normality flow-
rule, assuming the dominance of plas-
tic strains at the failure,
—do,fdo, = (39/d0,)(30/30,)

= de Jde, (4)
and the contour of the Hill-Tsai-Wu
failure criterion is

${0,,0,,0,) = constant
So, under uniaxial tension we have
do fdo, = —de fde,

=n, at (T,,0) (5)
do/do, = —de /de,
=n,at (0,T) (6)
where
n, = ratio of the transverse to the
longitudinal  ineremental

strains under MD loading

n, = ratio of the longitudinal to the
fransverse strains under CD
loading

The ratios %, and n, can be measured
straightforwardly by strain gauges.
The values are obtained from data
over a small range of strain needed
to establish their values with reli-
ability.

Experiments

The Hill-Tsai-Wu failure envelope
(Eqg. 1) was evaluated using experi-
mental data reported in the litera-
ture (3, 4}, The modeled results were
compared with experimental values
of biaxial strength for paper reported
in those same works.

Table I shows the components of
the Hill-T'sai-Wu criterion estimated
from the biaxial strength data re-
ported in the literature (8, 4). Inser-
tion of the tabulated components in
Table I into Eqs. 1-3 gives the Hill-
Teai-Wu failure envelope for the two
sets of experimental biaxial strength
data.

Vol. 77, No. 8 T




In Figs. 1 and 2, with zero shear 2, Plots of Hil-Tsal-Wu and Tsal-Wu failure criterla based on biaxial-strength data for
stregs (o, = 0), it is seen that the linerboard paper (4). The shear st =0

Hill-Tsai-Wu criterion much more
accurately represents the experimen-
tal biaxial failure envelope for paper -
than the Tsai-Wu criterion, where p
=0andg=0inEq. 1.

Summary

The main purpose of the present
work was to suggest a failure crite-
rion—the Hill-T'sai-Wu failure cri-
terion--that does not overestimate
the experimental biaxial tension en-
velope in the way the Tsai-Wu crite-
rion does. This shorteoming was
eliminated by adding a specific poly-
nomial of third degree (6) tothe Tsai- [ jterature cited
Wu failure criterion. The only
negative aspect is that two

] — Hii-Tsal-Wu
| - - Tsal-Wu
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