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Fibers or Fibrils Embedded in a Matrix
Petri P. Kärenlampi

Abstract

Breaking wood pulp fibers into fibrils may double the stiffness of the reinforcing material. This stiffness increment can benefit the stiffness of the reinforced composite, provided the value of a parameter 
[image: image1.wmf]Y

, defined below, remains at least in the vicinity of 10. 
Stiffness of a Fiber Reinforced Composite
Let us discuss fibers embedded in a matrix. We will start with assuming fibers to be straight and much longer than their width. Fibers are assumed to interact with the surrounding matrix, but not directly with each other. Load accumulating along the longest dimension, fibers are assumed to carry load along their long axis. We will largely follow the seminal presentation of Cox [1], however we are approaching a three-dimensional generalization.
Let us establish a Cartesian co-ordinate system with three spatial dimensions, and discuss a fiber with alignment 
[image: image2.wmf]q

 in the 1,2-plane, and 
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 with respect to the co-ordinate direction 3. The matrix strain in the direction of the fiber, as a function of strains expressed using the co-ordinate strains is 
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(1).
The strain within the fiber 
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 is somehow related to the matrix strain in the direction of the fiber 
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. The contribution of the fiber stress 
[image: image7.wmf]f

f

E

e

 on the stress in any the three principal directions is 
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The contribution of fiber stress on the shear stresses is
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Now, Eqs. (2...7) integrated over the fiber orientation distribution will yield us the fiber reinforcement contribution to the stiffness matrix components linking stresses to strains, provided we know the relation between fiber strain 
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 and matrix strain in the direction of the fiber 
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. This can be resolved by assuming that fiber stress accumulates along the fiber as a function of shear deformation of the surrounding matrix, which in turn is due to difference between fiber strain and the average strain of the surrounding matrix. Let us establish a local cylindrical co-ordinate system where x refers to the co-ordinate in the direction of the fiber, and r the radial co-ordinate within the cylinder. Now, any incremental fiber load in fiber direction is due to shear deformation within the matrix
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(8), 
where 
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 refers to the engineering shear modulus of the matrix, 
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 to the shear strain within the x,r–plane, and 
[image: image19.wmf]r
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 to the corresponding area perpendicular to the co-ordinate r. 
In the surroundings of the fiber, the incremental fiber load being transmitted by the matrix shear stress, the matrix shear strain must be inversely proportional to the area perpendicular to the r-co-ordinate:
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(9), 

where c is a constant.

A strain component being the partial derivative of a displacement component with respect to a co-ordinate, the strain difference between a fiber and the surrounding matrix corresponds to a displacement difference. Regarding two adjacent fibers, the displacement differences do not need to be in the same directions. Thus, on the average, the matrix displacement at a distance apart from the fiber which corresponds to average distance between fibers corresponds to the average matrix displacement. Denoting the fiber displacement u and the average matrix displacement v, the displacement difference – on the average – accumulates within a radial distance 
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, where 
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 is the average distance between fibers, and 
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 is fiber radius. In other words
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(10).

Substituting Eq. (9) into Eq. (10), the constant c can be solved as 
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. Substituting this into Eq. (9), and further to (10), results as
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(11).
Differentiating once with respect to the x-co-ordinate we get
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(12).

The solution of this Equation is
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(13),

where L is fiber length, and the average fiber load is,
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(14).

We find from Eq. (14) that the average fiber strain, in relation to average matrix strain in the direction of the fiber is
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(15),

which we will hereafter denote as a factor 
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. It depends on fiber geometry, the ratio of matrix shear modulus to fiber tensile modulus, as well as the spatial arrangement of fibers. It does not depend on fiber size. 

Now, we can compute the stiffness component linking the stress 
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 to the strain 
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(16).

Where 
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 is matrix stiffness, 
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 and 
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 are volume fractions of the matrix and the fibers, and 
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 is the fiber contribution to the stiffness, per volume proportion. Substituting Eqs. (15) and (1) into Eq. (2) yields the stiffness contributions
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In the particular case of randomly distributed fiber orientation, the orientation density function 
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. In this particular type of orientation, the stiffness contributions become
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(18).

Let us now discuss the factor 
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 in more detail. The volume proportion of fibers is proportional to 
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. Assuming roughly hexagonal transverse fiber packing, the coefficient of proportionality can be determined as 
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. Substituting this into Eq. (15) yields
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Let us now denote the factor 
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 as 
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, and discuss 
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 as a function of 
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. The result is shown in Fig. 1. We find that 
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 differs from zero well below unity of 
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, reaching about 0.2 at unity. An 
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 value of 10 corresponds roughly to  value of 0.9, and a value of 100 corresponds to roughly 0.99. Thus, fiber modulus becomes reasonably well utilized within the fiber-reinforced composite provided the value of 
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is at least order of 10.
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Fig. 1. 
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 as a function of 
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, according to Eq. (19).
Let us then discuss 
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 as a function of 
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. We find from Fig. 2 that in case matrix shear modulus is small in relation to fiber tensile modulus, a relatively large length-to-width ratio is needed in order to achieve 
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Fig. 2. 
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 as a function of 
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 is fixed at 0.3.
In Fig. 3, the volume fraction of fibers 
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 has been scaled down to 0.1. This reduces the values of 
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, while stress transfer between fibers becomes impaired. This impairment is a consequence of wider fiber spacing inducing a lower shear strain within the matrix. In order to achieve 
[image: image81.wmf]Y

 of at least 10, 
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Fig. 3. 
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 as a function of 
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Relationship of fibril modulus to fiber modulus
Fibers being constituted of fibrils whose alignment differs from the fiber direction, fiber stiffness differs from fibril stiffness. This difference depends on the fibril angle. Under some simplifying assumptions, the relationship of fiber stiffness to fibril stiffness can be worked out in a relatively simple manner. However, due to time limitation, at this stage we are referring to the seminal result of Page et al. [2] which agrees well with experimental observation. Fibril modulus is 1...4 times fiber modulus, fibril angle 0 yielding equality, fibril angle of 50o yielding fibrils four times stiffer than fibers.

Thus, breaking fibers into fibrils may increase the stiffness of the reinforcing material. The stiffness of the reinforcing material may double. Most of this stiffness increment may be useful in stiffening the composite, provided the value of the parameter 
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 discussed above remains at least in the vicinity of 10.

Additional Reinforcement Effect

How much does doubling of the stiffness of the reinforcing elements contribute to the stiffness of the composite? This can be read from Eq. (16). In case fibers stand for half of the total stiffness, doubling fiber stiffness will increase composite stiffness by 50%. In case fibers stand for 75% of total stiffness, doubling fiber stiffness will increase composite 75%, and so on.
Strength Considerations
How does fiber reinforcement contribute to strength? Depends how failure is controlled. Do the fibers fail? Does the matrix fail between the fibers? Is there a possibility for fibers being debonded from the matrix?

Manufacturing considerations

Is it possible to manufacture a fiber-reinforced composite where the fibers are straight enough in order to be able to accumulate load along their length? Does this differ between fiber reinforcement and fibril reinforcement? In case fibers include sharp kinks, the above considerations, regarding the effects of length, apply to the straight sections. 
Is it possible to manufacture a fiber or fibril reinforced composite where fibers are reasonably evenly distributed, and do not form fiber or fibril flocks?

It is still worth noting that the specific surface area of an object is inversely proportional to its linear size. Thus, the volume proportion of reinforcement elements being retained, the interface area between fibers and the matrix changes with the size of the fibers. Changing the size of the reinforcement elements by a factor of 1/10 will change the interface area by a factor of 10.
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